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ABSTRACT

Recent proposals to reduce U.S. debt reveal large differences in their implied targets. These
differences demonstrate the uncertainty surrounding future tax rates and long-run debt targets.
We use a standard real business cycle model in which a Bayesian household learns about the
state-dependent debt target in an endogenous tax rule. The household extracts the debt target
state from a noisy tax process and jointly estimates the transition probabilities. We compare
the household’s ability to learn and the consequences of the uncertainty across different limited
information sets. Limited information influences the household’s behavior but also imposes
two-sided risk. Despite the popular viewpoint that fiscal uncertainty has negative effects, lim-
ited information can result in welfare gains or losses, depending on whether the household’s
expectations are consistent with the realization of future states. Although the welfare distri-
bution includes gains, we stress that the uncertainty created by the recent fiscal policy debate
slowed the current recovery and led to welfare losses. If Congress provides clarity about future
policy, output and welfare increase and the economy quickly recovers.
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(a) Long-run debt targets implied by some of the U.S. debt reduction
proposals, compared with the baseline (current law) and alternative fis-
cal financing scenarios in the CBO’s 2012 Long-Term Budget Outlook.
Source: Committee for a Responsible Federal Budget (2011)
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(b) Index of polarization of the U.S. Congress, measuring thediffer-
ence between the two parties’ positions on a conservative-liberal inter-
val, [−1, 1]. The minimum of this index is0 (full agreement) and the
maximum is2 (full polarization). Source: Poole and Rosenthal (2012)

Figure 1: Measures of fiscal uncertainty

1 INTRODUCTION

Recent proposals to reduce U.S. debt reveal large differences in their implied 10-year targets, with
estimates ranging from 63 to 76 percent of GDP in 2022 (figure 1a). The CBO’s projections show
an even wider variance. The differences in these estimates and their inconsistency with the post-
WWII average debt-to-GDP percentage, which is roughly45 percent, demonstrate the potential for
sharp swings in policy and the uncertainty surrounding future tax rates and long-run debt targets.

What makes the fiscal outlook dangerous and the degree of fiscal uncertainty unprecedented?
Political polarization has risen steadily since the 1950s and is currently at a record level (figure 1b).
High polarization reduces the likelihood of compromise and weakens the signal households receive
from Congress. The deficit reduction proposals provide evidence that Congress is aware of the
structural deficit and its potential consequences, but without a credible plan that commits to a debt
target, households must form expectations over a range of debt targets, which affects their beliefs
about future tax rates, their optimal consumption/saving decisions, and welfare.1

This paper uses a novel application of Bayesian learning to endogenize fiscal uncertainty within
a standard real business cycle model. Each year the fiscal authority sets a state-dependent debt
target and a corresponding income tax rate consistent with the target, the debt-to-output ratio, and
discretionary tax policy. The household knows the tax rule and observes tax rates and debt-to-GDP
ratios, but does not know the current debt target because it is obscured by discretionary tax policy.

The household rationally learns about the debt target with the Hamilton (1989) filter, and uses

1During WWII many industrialized countries faced unprecedented debt-to-GDP percentages. For example, the
debt-to-GDP percentage in the U.S., the U.K., Australia, Canada, and New Zealand was 122, 270, 92, 115, and 148
percent. Over the next 50 years (and in many cases sooner), these percentages all fell below 60 percent and in most
cases well-below 50 percent [Abbas et al. (2011)]. There are two reasons for the sharp reduction. First, all of these
countries ran primary surpluses on average after the war. Second, and more importantly, average inflation exceeded
3.5 percent, which reduced real interest rates, and growth rates ranged from 2.5-5 percent. History suggests large debt
reductions are possible, but given the current polarization and anemic growth, debt reduction is very uncertain.
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observations of the tax rate and debt-to-output ratio to adaptively learn the debt target transition
matrix with a Gibbs sampler [Albert and Chib (1993)]. Given the household’s sequence of past
beliefs about the debt target, each period they estimate the transition matrix most likely to generate
the sequence and optimally solve for their decision rules conditional on their estimate. When the
household’s beliefs are incorrect, they are surprised by future tax rates that are inconsistent with
their expectations. These surprises distort the real economy, since the tax rate is levied on income.

To quantify the consequences of uncertain debt targets, we simulate the model with different
information sets. The benchmark is the full information set, where current and past debt target
states and the transition matrix is known. In this case, there is no learning and the only sources of
uncertainty are future states and discretionary changes in the tax rate. We compare three limited
information sets to this benchmark: 1. the debt target state is always unknown and the transition
matrix is known; 2. current and past states are known and the transition matrix is unknown; and
3. both the state and transition matrix are always unknown. In case 1, the household incorporates
their state likelihood estimates into their expectations and rationally learns about the state as time
evolves. In case 2, the household uses Bayesian methods to estimate the transition matrix, but they
treat their estimate as the truth when forming expectations. This has two implications. First, the
household adaptively learns about the transition matrix (i.e., they are boundedly rational). Second,
it introduces Knightian uncertainty; the household guesses the risk based on current beliefs, but is
unable to accurately quantify it without the true distribution. Case 3 is a hybrid of cases 1 and 2.

Conditional on each limited information set, we find there are persistent deviations from the
full information (case 0) paths. When the household faces their most limited information set (case
3), the paths of capital and output regularly deviate from the case 0 paths by0.3 and0.1 percent.
Despite the popular viewpoint that fiscal uncertainty has negative economic effects,2 these devia-
tions donot necessarily lead to welfare losses, since the household faces two-sided risk. The key
determinant of welfare is whether future tax rates are more or less extreme than what the household
expects. If the household places greater weight on a higher debt target, meaning lower expected
taxes, then they invest more than they would under full information. If the true debt target winds up
being even higher (lower), the household gains (loses). Thus, there is an equal chance of welfare
gains and losses when the household’s prior and the true transition matrix are symmetric.

Although a portion of the welfare distribution shows gains, these outcomes did not recently
occur since the realizations of policy were inconsistent with expectations. If we focus on the
period from 2010-2012, people were uncertain if the Bush tax cuts would be extended and placed
positive probability on both outcomes. In reality, the Bush tax cuts were extended and taxes wound
up lower than people expected. This means their investment strategy was suboptimal. Had they
known the tax cuts would be extended, they would have invested more, given the higher after-tax
returns. In our model, we conduct an experiment that shows this policy debate slowed the recovery
and reduced welfare. If Congress provides greater clarity about the future direction of fiscal policy,
even after a period of uncertainty, output and welfare increase and the economy quickly recovers.

The remainder of the paper is organized as follows.Section 2connects our work with the
literature.Section 3introduces the economic model, the information sets, and thenumerical meth-
ods. Section 4describes the calibration and connects our model to the data.Section 5presents

2See, for example,The Wall Street Journal, “Want Growth? Try Stable Tax Policy” (December 21, 2011),The
Economist, “The cloud of uncertainty. Dithering in the dark.” (June 16, 2012) and “Pointless, painful uncertainty”
(July 18, 2012), andThe New York Times, “Uncertainty Is the Enemy of Recovery” (April 28, 2013).
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the results. We first illustrate the basic channels of the uncertainty and how incorrect inferences
affect the household’s decisions. Then we show how quickly the household learns and the welfare
consequences of the uncertainty using model simulations.Section 6concludes.

2 CONTACTS WITH THE L ITERATURE

Several of the early papers that study policy uncertainty in adynamic general equilibrium model
permit discrete shifts in policy, so that agents place positive probability on recurring regime changes
[Aizenman and Marion (1993); Bizer and Judd (1989); Dotsey (1990)]. A key feature in some of
the more recent papers is that the current regime is unobserved [Andolfatto and Gomme (2003);
Bianchi and Melosi (2013); Davig (2004); Leeper and Zha (2003); Schorfheide (2005)]. Instead,
agents rationally form expectations about the regime using Bayesian updating. We build on this lit-
erature by also assuming agents do not know the transition probabilities governing regime change.

Much of the least squares learning literature models uncertainty in a similar way [see Evans
and Honkapohja (2001, 2009) for an overview]. Contrary to rational expectations, agents do not
have complete information about the structure of the economy and policy behavior, and instead act
as econometricians using historical data to form beliefs about unknown components. For example,
Giannitsarou (2006) finds that when households have limited information about the structure of
the economy, a capital tax cut is ineffective during a recession. In our approach, the household
knows the structure of the economy, but is uncertain about the state and transition matrix. They
filter a noisy signal using the correct model and rationally form expectations, knowing the state is
unknown. However, they use an anticipated utility approach [Kreps (1998)] to form expectations
conditional on their transition matrix belief. This means the household adaptively forms expecta-
tions, conditional on a history of observations and their limited information set.

A segment of the rational expectations literature models fiscal uncertainty by assuming that
households form expectations over a wide range of possible resolutions to the looming fiscal crisis
[Bi et al. (2013); Davig and Foerster (2013); Davig and Leeper (2011); Davig et al. (2010, 2011);
Richter (2012)]. This work makes clear that expectations about future policy, and the possible
resolutions agents condition on, significantly affect equilibrium outcomes. The main drawbacks
with this literature is that it requires the modeler to take a strong stance on the potential resolutions
and it assumes the household knows the current policy state and the true probability distributions.

Another segment of the rational expectations literature uses stochastic volatility shocks to
model fiscal uncertainty. Fernandez-Villaverde et al. (2011) and Born and Pfeifer (2013) both
find that the impact of fiscal uncertainty is small. In their baseline calibrations, a two standard
deviation volatility shock to various fiscal instruments decreases output by0.06 and0.025 percent.
Johannsen (2013) finds that fiscal uncertainty shocks have a relatively large economic effect when
the nominal interest rate is pegged at zero, but a much smaller effect when it is positive. These
results are consistent with our findings, despite the fact that in our model the uncertainty is about
the debt target state and its evolution and not time-varying variances. We find that a two standard
deviation positive tax shock reduces output by0.03 percent when the debt target state is hidden
(case 1). However, when the transition probabilities are also unknown (case 3), output differs by
0.15 percent from its full information path. Moreover, we caution that these results do not exclude
scenarios where fiscal uncertainty has more significant negative implications.

Of course, tax uncertainty, and more generally, other types of fiscal uncertainty, are only one
component of the more broadly defined term “economic uncertainty”. Many have argued that

3
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uncertainty about the recovery has reduced demand and also prolonged the recession. Much of
the stochastic volatility literature focuses on precisely this question by examining how uncertainty
about productivity and the business cycle affects economic conditions. The literature is mixed on
the impact of these shocks. Some studies find that a one standard deviation volatility shock reduces
output [Alexopoulos and Cohen (2009); Basu and Bundick (2012); Bloom (2009); Bloom et al.
(2012)], while others report little or no impact [Bachmann and Bayer (2013); Chugh (2012)]. The
stochastic volatility approach to modeling uncertainty provides an excellent first pass at quantifying
the consequences of high and low periods of uncertainty. The drawback is that it provides little
insight about the precise cause of the uncertainty. In our model, the source of uncertainty stems
from limited information about the debt target, which is grounded in the recent policy debate.

3 ECONOMIC MODEL, EXPECTATIONS, AND NUMERICAL METHODS

We adopt a real business cycle model to study the consequencesof uncertain debt targets. Our
innovation is to introduce an expectations operator conditional on the household’s beliefs about
the current state and its transition matrix. The benchmark case, defined by the full information set,
is when the household knows current and past states and the true transition matrix. We compare
this case with the household’s behavior conditional on three different limited information sets.

3.1 REAL BUSINESSCYCLE MODEL A representative household chooses{cj , nj, kj, ij , bj}∞j=t

to maximize expected lifetime utility, given by,

E
ℓ
t

∞
∑

j=t

βj−t

{

c1−σ
j

1− σ
− χ

n1+η
j

1 + η

}

, (1)

whereβ ∈ (0, 1) is the discount factor,1/σ is the intertemporal elasticity of substitution,1/η is
the Frisch elasticity of labor supply,c is consumption,n is labor hours, andEℓ

t is an expectation
operator conditional on information setℓ (defined insection 3.2). The choices are constrained by

ct + it + bt = (1− τt)(wtnt + rkt kt−1) + rt−1bt−1 + z̄, (2)

kt = it + (1− δ)kt−1, (3)

wherew is the real wage rate,rk is the real rental rate of capital,k is the capital stock, which
depreciates at rateδ, b is a one-period real government bond with real returnr, z̄ is a fixed transfer
from the government, andτ is a proportional tax rate levied against capital and labor income. The
representative household’s optimality conditions imply

wt(1− τt) = χnη
t c

σ
t , (4)

1 = βEℓ
t{(ct/ct+1)

σ[(1− τt+1)r
k
t+1 + 1− δ]}, (5)

1 = βEℓ
t{(ct/ct+1)

σrt}. (6)

A perfectly competitive representative firm produces output according toyt = akα
t−1n

1−α
t ,

wherea is technology andα ∈ (0, 1). Each period the firm chooses{kt−1, nt} to maximize profits,
given byyt − wtnt − rkt kt−1. The optimality conditions imply

rkt = αyt/kt−1, (7)

wt = (1− α)yt/nt. (8)
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The fiscal authority finances constant discretionary spending, ḡ, and government transfers,z̄,
by levying taxes on income and issuing one-period real bonds. The government’s flow budget
constraint is given by

bt + τt(wtnt + rkt kt−1) = rt−1bt−1 + ḡ + z̄. (9)

The tax rate endogenously responds to fluctuations in the lagged debt-to-output ratio according to

τt = τ̄ (st) + γ(bt−1/yt−1 − by(st)) + εt, (10)

whereτ̄(st) is a state dependent intercept of the tax rule, consistent with the stationary equilibrium
implied by the current long-run debt target,by(st).3 The tax shock,ε ∼ N (0, σ2

ε), is a proxy
for discretionary tax policy (e.g., tax cuts during recessions). The debt target evolves according
to anm-state Markov process with transition matrix,P . For row i and columnj of P , element
pij = Pr{st = j|st−1 = i}, for i, j ∈ {1, . . . , m}, where0 ≤ pij < 1 and

∑m
j=1 pij = 1 for all i.

The aggregate resource constraint is given by

ct + it + ḡ = yt. (11)

The transversality conditions omit explosive sequences for capital and debt and are given by

lim
T→∞

βT
Et{(cT )−σkT} = 0 and lim

T→∞
βT

Et{(cT )−σbT} = 0.

A competitive equilibrium consists of prices,{wj, r
k
j , rj}∞j=t, quantities,{cj, nj , kj, ij, yj}∞j=t, gov-

ernment policies,{τj, bj , ḡ, z̄}∞j=t, and exogenous sequences,{εj, sj}∞j=t, which satisfy the house-
hold’s and firm’s optimality conditions, the government’s budget constraint, the fiscal policy rules,
the asset, labor, and goods markets’ clearing conditions, and the transversality conditions.

3.2 EXPECTATIONS FORMATION The different information sets are summarized intable 1. A
formal description of the alternative information sets begins by writing the model compactly as

E
[

f(vℓ
t+1,v

ℓ
t)|Ωℓ

t

]

= 0,

wheref is a function that represents the structure of the model that is known to the household,

vℓ
t ≡

{

(kt−1, bt−1, rt−1, yt−1, ct, nt, it, τt, wt, r
k
t , st), for ℓ ∈ {0, 2},

(kt−1, bt−1, rt−1, yt−1, ct, nt, it, τt, wt, r
k
t ,qt), for ℓ ∈ {1, 3},

andΩℓ
t is the household’s information set in caseℓ ∈ {0, 1, 2, 3}. In cases 1 and 3,qt is a vector

of conditional probabilities thatst = j, for j ∈ {1, . . . , m}, which the household must update to
form expectations. Withm = 3, the (required) information sets are defined as follows,

Ω0
t ≡ {Θ, z0t−1, P} (Case 0) Ω2

t ≡ {Θ, z2t−1, P̂t, s
t} (Case 2)

Ω1
t ≡ {Θ, z1t−1, P,x

t} (Case 1) Ω3
t ≡ {Θ, z3t−1, P̂t,x

t} (Case 3)

3While there is no consensus on the specification of the fiscal policy rule, a tax rule that endogenously responds to
government debt is common. It is supported, in part, by the empirical findings of Bohn (1998), who contends that the
U.S. primary surplus is an increasing function of the U.S. debt-to-GDP ratio. Davig and Leeper (2006), and references
therein, estimate alternative fiscal rules and provide further evidence.
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Full Information Limited Information
Case 0 Case 1 Case 2 Case 3

Debt Target State Known Unknown Known Unknown
Debt Target Transition Matrix Known Known Unknown Unknown

Table 1: Alternative information sets

whereΘ ≡ {σ, η, χ, δ, a, α, γ, τ̄(1), τ̄(2), τ̄(3), by(1), by(2), by(3), σ2
ε} is the set of model param-

eters shared by all information sets,xt ≡ {xi}ti=0 andst ≡ {si}ti=0 are histories of observations
required for the Hamilton filter, importance sampler, and Gibbs sampler,P̂t is the time-t esti-
mate of the transition matrix from either the importance (case 2) or Gibbs (case 3) sampler and
zℓt−1 ≡ {kℓ

t−1, r
ℓ
t−1b

ℓ
t−1, τ

ℓ
t } is the minimum set of variables that initialize the problem in caseℓ.

Expectations are formed in one of two ways. In cases 0 and 2, the household knows the debt
target state. Givenst = i andℓ ∈ {0, 2}, their expectations formation is

E
[

f(vℓ
t+1,v

ℓ
t)|Ωℓ

t

]

=
3
∑

j=1

pℓij

∫ +∞

−∞

f(vℓ
t+1,v

ℓ
t)φ(εt+1)dεt+1 = 0, (12)

wherepℓij is the probability of transitioning tost+1 = j, given information setℓ andφ(·) is the
normal probability density function. Note thatτt+1 ∈ vℓ

t+1 is a function ofεt+1.
In cases 1 and 3, the discretionary tax shocks obscure the long-run debt target state and impose

a signal extraction problem that the household solves to form beliefs about the state. The household
observes the current tax rate and lagged debt-to-output ratio, and with their prior belief about the
transition matrix applies the Hamilton (1989) filter to

xt ≡ τt − γbt−1/yt−1 = τ̄ (st)− γby(st) + εt,

which is (10) solved for the combined observation,xt. In other words, the household Bayesian
updates the conditional probabilities,Pr(st = j|xt), given the previous conditional probabilities,
Pr(st−1 = i|xt−1), with the most recent observation,xt. Given these updated probabilities,qt(i) ≡
Pr(st = i|xt), andℓ ∈ {1, 3}, their expectation formation is

E
[

f(vℓ
t+1,v

ℓ
t)|Ωℓ

t

]

=

3
∑

i=1

qt(i)

3
∑

j=1

pℓij

∫ +∞

−∞

f(vℓ
t+1,v

ℓ
t)φ(εt+1)dεt+1 = 0. (13)

Includingqt in the state smooths expectations since it is unlikely thatqt(i) = 1 for any i. Intu-
itively, the household knows that they do not know the state and is less responsive to new observa-
tions ofxt (i.e., they are cautious relative to case 0).

3.3 ALGORITHM AND SIMULATION PROCEDURE The model contains discrete changes in the
debt target, which cause large deviations from the initial steady state. Thus, we solve the nonlinear
model with a fixed-point projection method (linear interpolation and Gauss-Hermite quadrature).
This solution technique simultaneously solves for the optimal policy functions at each point in the
discretized state space. More specifically, it assumes the current policy functions hold at timet
andt + 1 and uses the Euler equations to back out the updated policy functions. In this case, the
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number of states,m > 2, so the restriction
∑m

i=1 qt(i) = 1 imposes a constraint on the discretized
state space. See appendixA.1 for details on how we discretize the state space.4

In all cases, we initialize the simulation procedure by drawing a random sequence ofT true
debt target states,{st}Tt=1, and discretionary tax shocks,{εt}Tt=1. Each period the fiscal authority
sets the tax rate with (10), given the debt-to-output ratio, the debt target state, andthe discretionary
tax shock. The current tax rate is always observed by the household. Simulating the model in case
0 is straightforward, given the solution where expectations are evaluated according to (12).

In case 1, the household’s prior belief about the transition matrix equals the truth and their
beliefs about the state are built into their expectations, given in (13). Simulating case 1 requires
updating the probability distribution of the state,qt, conditional onxt each period (see appendix
A.2 for details). Thus, the household Bayesian learns about the debt target state as time evolves.

In case 2, the household estimates the transition matrix each period, but, in expectation, the
transition matrix belief is time invariant. In this sense, we follow the anticipated utility approach
of Kreps (1998).5 The household believes their estimate of the transition matrix is correct when
forming expectations and solving for their decision rules. They use importance sampling from
a Dirichlet distribution conditional on current and past observations of the state,st, to update
their prior belief about the transition matrix,̂P , (see appendixA.3 for details). Each period in
the simulation the household re-optimizes, (i.e., solves for new policy functions) given their new
belief of the transition matrix. At the beginning of the simulation, the prior transition matrix is
uninformative, so the distribution of their initial state inferences is uniform across all simulations.

In case 3, the household uses Gibbs sampling to make sequential draws of the vector of debt
target states and the transition matrix (obtained with the importance sampler) conditional on the
observations,xt. Their estimate of the transition matrix,̂P , is the average of the last half of
the resulting chain (see appendixA.4 for details). As with case 2, the prior transition matrix
is uninformative. Each period the household re-optimizes after updating their estimates of the
probabilities. The household is Bayesian learning about the debt target state as well as using an
anticipated utility approach to form expectations with respect to the transition matrix.

In all cases, the fiscal authority uses the updated debt-to-output ratio, which is based on the
household’s decisions, the current debt target state, and the discretionary tax shock to set the tax
rate in the next period of the simulation. The household uses this new information when filtering
and sampling to improve their understanding of the debt target state and how it evolves.

4 CALIBRATION AND DATA CONNECTIONS

We parameterize the model at an annual frequency to study learning and the consequences of
uncertainty over several decades. The baseline calibration, given intable 2, is consistent with the
RBC literature. The discount factor,β, is set to equal0.9615, which corresponds to a4% annual
real interest rate. The annual depreciation rate,δ, is set to equal10 percent and the cost share
of capital,α, is set to equal0.33. We set the coefficient of relative risk aversion,σ, to equal1,
implying log utility in consumption. The Frisch elasticity of labor supply,1/η, is set to equal0.5,
which is consistent with the value used by the CBO and the findings of Chetty et al. (2011).

4See Judd (1998) and Richter et al. (2013) for further details and examples of fixed-point projection methods.
5Putting the entire transition matrix distribution in the state is computationally infeasible. However, Cogley and

Sargent (2008) show that the anticipated utility approach provides a good approximation for Bayesian decision making.

7



RICHTER AND THROCKMORTON: THE CONSEQUENCES OFUNCERTAIN DEBT TARGETS

Discount Factor β 0.9615 Leisure Preference Parameter χ 20.389
Capital Depreciation Rate δ 0.10 Fiscal Policy Rule Coefficient γ 0.30
Cost Share of Capital α 0.33 Discretionary Tax Shock Std. Dev. σε 0.02

Constant of Relative Risk Aversion σ 1 Low Debt Target State by(1) 0.60

Frisch Elasticity of Labor Supply 1/η 0.5 Mid Debt Target State by(2) 0.75

Technology Level a 1.705 High Debt Target State by(3) 0.90
Steady State Government Spending Sharēg/ȳ 0.08 Probability of Remaining in State pii 0.80
Steady State Government Transfers Sharēz/ȳ 0.09 Probability of Switching States pij , i 6= j 0.10

Table 2: Baseline calibration

The leisure preference parameter,χ, implies a steady state share of time spent working equal
to 0.33 in the middle debt target state. The level of technology,a, is set so that output is equal to
1 in the middle debt target state. We fixχ anda in the alternative states and solve for the implied
steady state values of taxes, labor, and output that are consistent with the long-run debt targets.

The ratios of government expenditures/output and transfers/output are set to equal8 percent
and9 percent, which match post-WWII U.S. averages. We assume there are three debt target states
(m = 3): low, mid, and high. They are set to equal60, 75, and90 percent of output, which
correspond to the House Republican’s 2012 deficit reduction proposal (and the CBO’s Baseline
projection), the President’s 2012 budget, and the CBO’s alternative fiscal scenario.6 The strength of
the fiscal response to changes in the debt-to-output ratio,γ, is set to equal0.3 so that a switch in the
true debt target state takes the economy approximately10 years to adjust to its new equilibrium in
the full information case, which is consistent with Congress’s planning horizon. It also guarantees
a sufficient response by the fiscal authority to ensure stable long-run debt dynamics.

Figure 2ashows the speed of convergence of the debt-to-output percentage after a switch in the
debt target state from mid (75) to low (60). The 2012 House proposal is provided for comparison.
Whenγ = 0.3 the speed of convergence matches closely with the House’s 10-year proposal. The
implied 10-year target also matches closely. In the model, the long-run debt target is approached
asymptotically, so there is a trade-off between matching the 10-year target and the speed of con-
vergence. Thus, we further justify our choice ofγ by at looking the short-run adjustment in the tax
rate implied by the endogenous tax rule. A3.75 percent short-run adjustment (figure 2b) seems
consistent with current deficit reduction proposals, considering the 2012 American Taxpayer Re-
lief Act changed marginal rates by similar amounts (the top marginal income tax rate rose by4.6
and the payroll tax rose by2 percentage points), but not enough to achieve the low debt target.

To obtain a historical sense of the degree of fiscal uncertainty,figure 3aplots each of the
CBO’s baseline projections of the debt-to-GDP percentage (dashed lines) with the actual percent-
age superimposed (solid line). It is not surprising that over long horizons these projections are
uninformative. By law, the CBO’s projections are based on current law, which is a poor predictor
of long-run policy. For example, the projections in the early-mid 1990s did not initially account
for the Balanced Budget Act of 1997 and in the early 2000s the projections did not initially ac-
count for the U.S. involvement in Iraq and Afghanistan or the Bush tax cuts in 2001. These policy
changes suggest that the debt target switches over time and that households must form a probability
distribution over these outcomes to set their expectations of future tax policies.

Figure 3bplots the distribution of the difference between the CBO’s projection in any given

6Since 2007, the CBO has published its debt-to-GDP projections, given the assumptions in their baseline and
alternative fiscal financing scenarios. Comparing these projections with the actual debt-to-GDP path from 2007-2012
reveals significant error. Thus, it is possible that households are conditioning on an even wider set of debt targets.
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Figure 2: The path of debt-to-GDP after a switch from the mid (75%) to low (60%) long-run debt target and the
corresponding tax rates. Discretionary policy shocks are set to zero.
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across projection years. The solid line is the median and the dashed lines are the 25/75 quantiles.

Figure 3: Comparison of CBO baseline projections of the debt-to-GDP percentages with the actual values
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Figure 4: Tax revenue is Federal, State, and Local receipts (NIPA Table 3.2 Line 1 + Table 3.3 Line 1). GDP is
nominal (Table 1.1.5 Line 1) since tax receipts are nominal. Debt-to-GDP is published in the Economic Report of the
President. The debt-to-GDP ratio is from the Economic Report of the President. The solid line in the upper right panel
are the household’s observations calculated with the data and the endogenous tax rule whereγ = 0.30. The implied
state-dependent intercepts (dashed line) in the tax process are the 10/50/90 quantiles of the observations.

year and the actual debt-to-GDP percentage. Over shorter horizons, significant legislative changes
are less likely to occur and, on average, the CBO’s projections are more accurate. The accuracy of
the CBO’s projections over a 5-year time span suggest that changes in the debt target are infrequent.

Figure 4gives a sense of how well the endogenous tax rule matches the transitions in the data.
The left panel shows U.S. average tax rate and debt-to-GDP data from 1961 to 2011. The tax
rate is calculated as the share of tax revenue to GDP from the NIPA tables. The upper right panel
shows the household’s observations,xt = τt − γbt−1/yt−1, implied by the data over the sample.
Applying the Gibbs sampler to this data under the assumptions that (10) is the data generating
process,γ = 0.30, and there are three debt target states, yields a sampled sequence of states (with
corresponding intercepts given by the 10/50/90 quantiles of the observations) shown with a dashed
line. The implied discretionary tax shocks are shown in the bottom right panel and have a standard
deviation of0.013. The sampled average transition matrix and68 percent credible interval are

P16 =





0.78 0.11 0.05
0.07 0.81 0.05
0.07 0.12 0.67



 , P̄ =





0.81 0.13 0.07
0.08 0.84 0.08
0.10 0.19 0.71



 , P84 =





0.83 0.15 0.08
0.10 0.87 0.10
0.12 0.22 0.79



 .

The point of this estimation procedure is to apply the same tool (i.e., the Gibbs sampler on
the sequence of states and the transition matrix) to historical data that the household uses to form
expectations about the future debt target and how it evolves. If we were to assume thatP̄ repre-
sents the true historical transition matrix, then it is reasonable to ask whether and how quickly the

10
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household is able to learn about this transition matrix over time. However, we choose a symmetric
true transition matrix near the68 percent credible interval of the sampled transition matrix to avoid
a situation where, on average, low debt targets are more likely than high debt targets or vise versa
in the baseline setup. Moreover, current policy does not indicate that one regime is more likely
than another. Thus, we set the true transition matrix so that each debt target state has an expected
duration of5 years (pii = 0.8) and there are equal probabilities of switching to the other states
(pij = 0.1 for i 6= j). Perhaps coincidentally, five years coincides with the persistence of current
law (figure 3b) and the average number of years served by a president.

The standard deviation of the discretionary tax shock,σε, is set equal to0.02, which is roughly
half the distance between the intercepts of the tax rule, (10). Under this calibration the household
cannot easily distinguish between discretionary tax shocks and changes to the debt target state. For
example, conditional on the mid debt target, there is at least a35 percent chance that a discretionary
tax shock yields a signal that is more than half way to the neighboring long-run targets.

5 RESULTS

We present three sets of results. The first set is based on a unique sequence of debt target states
and discretionary tax shocks. It shows how uncertainty across the three information sets impacts
the paths of key aggregate variables relative to the full information case and describes the sources
of the differences. The second and third sets of results are based on5,000 Monte Carlo simulations
of the model. These results show two measures of learning and the welfare consequences of the
uncertainty across the information sets. We conclude by showing that the uncertainty created by
the recent fiscal policy debate has slowed the recovery and led to welfare losses.

5.1 UNCERTAINTY CHANNELS Figure 5shows the differences between the paths of output,
consumption, capital, and labor hours in the three limited information cases in percent deviations
from the full information case (case 0). The purpose of this exercise is to illustrate how limited
information changes the household’s decisions relative to when they have full information. The
most limited information case influences the business cycle by regularly moving output by0.1
percent and capital by0.3 percent (and sometimes more) relative to case 0 over the100 year
simulation. Thus, uncertainty about the long-run debt target has a similar effect on the business
cycle as Fernandez-Villaverde et al. (2011) attribute to stochastic volatility shocks to fiscal policy.

The paths for case 1 (solid line) shown infigure 5contain sequences of spikes that correspond
to significant differences of the household’s belief from the true long-run debt target, which are
shaded over the path of output infigure 6. The top panel compares the household’s belief, calcu-
lated as the average ofst weighted by its likelihood, against the true state. In the middle panel,
a dark-shaded/blue (light-shaded/red) region means the household’s belief is higher (lower) than
the true value by more than one standard deviation of the differences over the simulation. The
direction is important because it has opposite implications for the household’s expectation of the
future tax rate. If they believe the debt target is higher (lower) than the truth, then they expect the
tax rate will decrease (increase) to allow debt to rise (fall) toward its target. This is why case 1
output is generally higher (lower) than case 0 output when the belief is above (below) the truth.
For example, the bottom panel shows a sequence of consecutive positive and relatively large tax
shocks between years 40 and 46. These shocks cause the household to believe the debt target is
low when in fact the middle target is the truth. The path of output in case 1 falls below case 0 due
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Figure 5: Simulated paths in percent deviations from case 0. The paths for case 1 (solid line), case 2 (dashed line),
and case 3 (dash-dotted line) are based on identical sequences of debt target states and discretionary tax shocks.

to the belief that short-run tax rates will continue to be high to retire debt to a lower long-run level.
In case 1, the household rationally learns about the debt target state. They are aware that their

current belief about the state may be wrong and account for the uncertainty by weighting each
realization of the state with its likelihood. The deviations of case 1 from case 0 are a function of
how far their belief is from the truth. Moreover, they are less responsive to discretionary tax shocks
than in case 0. For example, it is unlikely that the household is sure that the debt target switched to
a high (low) target. This means they put positive weight in expectation on the choices they would
make conditional on the lower (higher) debt targets. Therefore, their choices are tempered by the
uncertainty and rarely match the optimal consumption, labor, and investment decisions in case 0.

In case 2, the deviations from case 0 have different characteristics than case 1. Since the
household knows the true transition matrix is time invariant, they use their current estimate of the
transition matrix when forming expectations (i.e., they assume that it does not change). Initially,
observations of different transitional events are rare, which creates bias in the estimates toward
the few that have been observed. The influence of the prior helps to alleviate some of this bias,
but at the same time smooths their initial beliefs. These facts cause more persistent deviations of
the paths from case 0 than in case 1. However, as they gather more observations of the state, their
estimate of the transition matrix converges to the truth. Since the transition matrix belief is the only
difference between case 2 and case 0, the differences in the simulations disappear as time evolves.

In case 3, the unknown transition matrix creates smoother and more persistent deviations from
case 0, which are interrupted by sequences of spikes when the belief of the state differs from
the truth. There is also interaction between the unknown state and transition matrix. In general,
estimates of the transition matrix in case 3 are farther away from the truth than in case 1. This
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Figure 6: Sources of the deviations of Case 1 from Case 0. Top: Household’s belief, calculated as the average of
st weighted by its likelihood. Middle: Path of Case 1 output in percent deviations from Case 0 output. A dark-
shaded/blue (light-shaded/red) region means the belief is higher (lower) than the true value by one standard deviation.
Bottom: Tax shocks, which obscure the state and alter the household’s beliefs.

is because{si}Ti=0 is sampled sequentially withP , given the household’s observations. When
the state is known, only the transition matrix is sampled and the estimate converges to the truth.
However, when the state is unknown, the uncertainty about the state adversely affects their ability
to estimate the transition matrix. Regardless, as time evolves their estimates improve and converge
toward the truth. The interaction of the unknown state with the estimate of the transition matrix
causes the paths in case 3 to deviate from case 0 more than the paths in cases 1 and 2.

In summary, the unknown state causes high frequency deviations from the full information
case, while the unknown transition matrix causes low frequency movements.

5.2 IMPULSE RESPONSES TO ATAX SHOCK To get a better understanding for the dynamics
in figures 5and6, we first plot the responses to a two standard deviation negative discretionary tax
shock, conditional on full information, infigure 7. The responses are shown in deviations from
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the stochastic steady state and the debt target state is held constant at its middle realization. The
negative shock reduces the tax rate in period 1. A lower tax rate increases the after-tax return to
labor, which increases hours worked. This raises output, consumption, and investment. The larger
tax base is not sufficient to offset the decrease in the tax rate and debt rises relative to GDP. Higher
outstanding debt increases the tax rate above its steady state in period 2. This reduces labor hours,
investment, and output. As time evolves, all variables slowly decay toward steady state.

Figure 8identifies the effect of an incorrect belief in case 1. The impulse responses are shown
as percent deviations of case 1 from case 0 to isolate the effects of the change in beliefs. The tax rate
initially corresponds to the middle debt target and the debt-to-output ratio equals its corresponding
stochastic steady state. Consider a scenario where the household incorrectly believes the debt
target state rose in period 1 (solid line) due to a cut in the tax rate. Since the tax rate is based
on the true debt target state and the past debt-to-output ratio, it does not deviate from case 0 in
period 1. However, they increase their labor supply and substitute away from consumption in favor
of investment, since the household expects lower future taxes. Also, they expect to be wealthier
in the future and for consumption growth to increase, so the real interest rate increases. With a
broader tax base, debt falls. In period 2, the household realizes their belief of the debt target was
incorrect, and decreases their labor supply and investment in anticipation of higher future taxes.
The higher real interest rate in period 1 causes debt to rise in period 2. In period 3, the tax rate
increases in response to the increase in debt, which further reduces labor and investment. Thus,
limited information about the debt target state causes the endogenous variables to differ from the
case 0 paths, even after their beliefs are perfectly aligned with the truth.

5.3 MEASURES OFLEARNING We use two measures, computed from5,000 Monte Carlo sim-
ulations of the model, to assess how quickly and how effectively the household learns about the
debt target state and how it evolves. The first is the distance of the estimated state likelihood vector
from the true vector in cases 1 and 3, where the household does not know the sequence of long-run
debt targets. The second is the distance between the estimated debt target transition matrix and the
true matrix in cases 2 and 3. In both measures, we take the average of the distances (measured by
the 2-norm) in each period across all simulations as a percentage of the maximum distance.

Figure 9aplots the distance of the estimated state likelihood vector from the true vector across
time. In cases 1 and 3, the household knows the debt target transition matrix, but starts with an
uninformative prior for the state likelihood since they begin the simulation without an observation
to guide them. The household’s estimate of the likelihood vector approaches the truth faster in case
1 than in case 3 since they know the true transition matrix. As time evolves, the household collects
observations of the tax rate and the lagged debt-to-output ratio, which improves their ability to
learn the true likelihood vector. In case 1, the true transition matrix is fed into the Hamilton filter,
whereas in case 3 the matrix evolves from the uninformative prior, which alters the likelihood of
each state in case 3 relative to case 1. Therefore, there is a uniformly smaller average distance
between the belief and the truth in case 1 relative to case 3. By period 40, the household achieves
very small improvements in their estimates, and most of the learning occurs in the first 10 years.

The household’s ability to correctly infer the debt target state depends on the distance between
the debt targets and the variance of the discretionary tax shock.Figure 10acompares the distance
of the state likelihood belief from the truth when the volatility of the shock,σε, decreases from0.02
to 0.01. A higher variance increases the difficulty of the signal extraction problem by changing the
distribution of the observations.Figure 10bshows a near normal distribution whenσε = 0.02
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Figure 7: Case 0 impulse responses to a two standard deviationnegative discretionary tax shock in percent deviations
from the stochastic steady state.

0 1 2 3 4 5 6 7 8 9 10
1.5

2

2.5

Debt Target Belief

0 1 2 3 4 5 6 7 8 9 10

−0.05

0

0.05

Tax Rate (% Point)

0 1 2 3 4 5 6 7 8 9 10

−0.2

0

0.2

Debt/Output (% Change)

0 1 2 3 4 5 6 7 8 9 10
−0.04
−0.02

0
0.02
0.04

Output (% Change)

0 1 2 3 4 5 6 7 8 9 10

−0.1

0

0.1

Consumption (% Change)

0 1 2 3 4 5 6 7 8 9 10

−0.2

0

0.2

Real Interest Rate (% Point)

0 1 2 3 4 5 6 7 8 9 10
−0.05

0

0.05

Labor Hours (% Change)

0 1 2 3 4 5 6 7 8 9 10

−0.05

0

0.05

Capital (% Change)

0 1 2 3 4 5 6 7 8 9 10

−0.5

0

0.5

Investment (% Change)

Figure 8: Case 1 impulse responses to a two standard deviationpositive (dashed line) and negative (solid line) discre-
tionary tax shock in percent deviations from full information (case 0). The true state is always the mid debt target.
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Figure 9: Alternative measures of learning under case 1 (dashed line), case 2 (dash-dotted line), and case 3 (solid line).
The values are based on5,000 Monte Carlo simulations of the model.

and a clearly trimodal distribution whenσε = 0.01. The household’s likelihood estimate nearly
converges to the truth by period40 in the low variance case, contrary to the high variance case.

Figure 9bplots the distance between the estimated and true transitionmatrices, which shows
how long it takes for the household’s beliefs to converge. The household learns the transition
matrix much slower than they learn the unknown debt target state, because the household cannot
take advantage of discrete shifts in the debt target, as they do when they learn the state, and they
need a long history of observations to obtain accurate estimates. This stresses the importance
of omitting the transition matrix from the household’s information set. Case 2 converges more
quickly than case 3 since the household knows the true debt target state. This is significant because
it shows that the model converges to the rational expectations equilibrium.

The initial increase in case 3 (figure 9b, solid line) happens through period5, the average du-
ration of the current long-run debt target. Initial observations will reflect few, if any, switches in
the state. This creates bias toward the corresponding diagonal probability in the transition matrix,
which favors the states the household believes have occurred, while the other rows remain unin-
formative. Once the household infers a switch in the state, the estimate of the diagonal probability
corresponding to staying in the previous state begins to correct itself. Thus, the estimates converge
toward the truth as the household gathers more observations. However, case 3 converges slower
than case 2 since the unknown state adversely affects the household’s estimates.

5.4 WELFARE DISTRIBUTIONS This section quantifies the welfare consequences in each lim-
ited information case. We first describe how to calculate welfare and then show the distributions
across time. The results are based on5,000 Monte Carlo simulations of the model.

Following the welfare cost measure of Schmitt-Grohe and Uribe (2007), we quantify the wel-
fare costs of the uncertainty by thinking of the decisions made with limited information as alterna-
tive policies to the full information case. Thus, we solve for aλℓ that satisfies

E
ℓ
tW (ct(z

ℓ
t−1), nt(z

ℓ
t−1)) = E

0
tW ((1− λℓ)ct(z

ℓ
t−1), nt(z

ℓ
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whereW (ct(z
ℓ
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ℓ
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ℓ
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ℓ
i−1)). T is the simulation length, so
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Figure 10: The effect of a change in the variance of discretionary tax shocks in case 3. Comparesσε = 0.02 (solid
line) andσε = 0.01 (dashed line). The values are based on5,000 Monte Carlo simulations of the model.

W is the time-t present value of remaining simulation utility. Since the calculation is based on a
simulation, the length of the interval[t, T ] must ensure that the present value att of utility near the
end of the simulation is close to zero. We chooseT = t+ 501, noting thatβ500 ≈ 3× 10−9. With
σ = 1, the additively separable specification of utility implies

λℓ = 1− exp

{
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(
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ℓ
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)

}

.

A positive (negative)λℓ represents a welfare cost (benefit) in limited information caseℓ relative
to case 0. We initialize the welfare calculations in period0 at the stochastic steady state and the
calculations in periodt > 0 at the limited information state vector from periodt− 1.

Figure 11compares the distribution ofλℓ across cases 1, 2, and 3 at the median (solid line)
and one standard deviation bands (dashed lines). In case 1 (figure 11a), the household can be
compensated for not knowing the current debt target state with±0.001 percent of full information
consumption goods68 percent of the time. In half of the simulations in a given period, uncertainty
about the debt target state causes welfare benefits (a negativeλ1). As time evolves, the consumption
goods required to compensate the household for the uncertainty does not diminish, despite the
household’s ability to learn about the state’s likelihood vector very quickly.

How can an unknown debt target state lead to welfare gains? In case 0, the household knows
the current state but not future states. This means the household must form expectations over
the possible states to inform their optimal decisions. When the debt target state is unknown, the
household’s expectations are potentially misaligned with case 0, which may lead to welfare gains
from upside risk. For example, if the household expects a lower debt target (higher taxes), then
they invest less relative to case 0. If the debt target winds up higher than they expected, welfare
is lower than case 0. With less investment, the household’s after-tax returns are lower, which
reduces future consumption, leisure, and welfare, despite initially higher consumption and leisure.
However, if the debt target winds up lower than they expected, the household’s lower level of
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Figure 11: The distribution of welfare costs (λℓ) as a percent of case 0 consumption goods forgone over the remaining
simulation. The solid line is the median and the dashed lines are the16/84 percentile bands. A positive (negative)
number represents a welfare cost (benefit). The values are based on5,000 Monte Carlo simulations withσε = 0.02.

investment is better aligned with the realization of taxes, and welfare is higher than case 0. When
the household’s prior and true transition matrices are symmetric, these outcomes are equally likely.

Figure 11bplots welfare in case 2, which shows that the unknown transition probabilities have
a very different effect than the unknown state. Three facts stand out relative to case 1: the welfare
cost distribution remains fairly symmetric, the compensation is much larger in the tails, and the
compensation diminishes as the household learns the transition matrix. The explanation for the
symmetric distribution is similar to case 1, but the source of the welfare consequences is different.
Given an uninformative prior on the transition matrix, the household initially expects all debt
targets are visited with an equal probability. However, their initial observations can bias their
estimates, which affects their decisions relative to case 0. More specifically, if the household
observes a particular sequence of states that favors one target more than the others, then they will
over-estimate the probability of switching to and remaining at that target, which misaligns their
expectations with the truth. As an example, suppose a simulation remains in the high debt target
state longer than the true expected duration (5 years). This causes the household to believe high
debt targets (lower taxes) are more likely and to increase their investment relative to case 0. If the
debt target remains high in the future, the household benefits since their after-tax returns will be
higher than in case 0. However, if the debt target falls in the future, the household loses, since they
face higher taxes. On average, half of the draws of the state will be shorter (longer) than the true
expected duration, which leads to symmetric welfare benefits and costs.7

The household requires more consumption goods to compensatethem for the unknown transi-
tion matrix than the unknown state for two reasons. First, the transition matrix is more complicated
to learn. It is defined by six parameters and requires a large sample of observations to obtain an
accurate estimate. Second, the household treats their estimate of the transition matrix as the truth
in expectation. Their estimate changes across time, but in expectation they believe it is the truth
and time invariant. Thus, their suboptimal decisions persist across time and the welfare conse-
quences are more severe than in case 1. As the household gathers more observations, on average
their estimates approach the truth, which reduces the variance of the welfare costs. Initially, the

7The full and limited information stochastic steady states differ, which causes slight bias in the welfare distribution.
This is due to the anticipated utility approach to forming expectations.
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Figure 12: A comparison of the distribution of welfare costs in case 3 (λ3) in terms of the percent of case 0 consumption
goods forgone over the remaining simulation when there is asymmetry in the true transition matrix. The solid line is
the median and the dashed lines are the16/84 one standard deviation bands. A positive (negative) number represents
a welfare cost (benefit). The values are based on5,000 Monte Carlo simulations.

household requires±0.06 percent of full information consumption goods to compensate them for
an unknown transition matrix, but by period 200 the distribution tapers to±0.02 percent.

In case 3, there is initially less variance in the welfare distribution relative to case 2. When the
household does not know the current debt target state or how it evolves, they evaluate expectations
conditional on their estimated transition matrix and state likelihood vector. Since the household
knows they do not know the current state, it tempers their choices relative to case 2 and shrinks
the welfare consequences. Initially, the household requires±0.04 percent of full information con-
sumption goods to compensate them for the uncertainty. This falls to±0.02 percent by period 200,
which is similar to case 2 since the feedback effects between the unknown state and unknown tran-
sition probabilities decline as the household improves their estimates of the transition probabilities.

The fact that the welfare distributions are fairly symmetric is not surprising. The symmetry
results from an equal probability of some simulations overrepresenting a particular state. This is
because the true transition matrix and the household’s prior have the same ergodic distribution (i.e.,
they expect to visit the three debt targets equally often).Figure 12relaxes this assumption, while
keeping the diagonal the same as the baseline calibration, with the alternatives

PH =





0.80 0.10 0.10
0.05 0.80 0.15
0.05 0.15 0.80



 and PL =





0.80 0.15 0.05
0.15 0.80 0.05
0.10 0.10 0.80



 ,

which have ergodic distributionsΠ(PL) = [0.4, 0.4, 0.2] andΠ(PH) = [0.2, 0.4, 0.4]. Note that
with PL (PH) as the true transition matrix, the low (high) debt target is visited more often, but the
average duration of all three states remains unchanged. When the true transition matrix has a dif-
ferent ergodic distribution than the household’s prior, there is bias in the initial welfare distribution.
Consider the case where the high debt target is visited more frequently (figure 12a). The house-
hold’s prior belief is symmetric. Therefore, the household expects higher taxes and underinvests
relative to the full information case. If the target winds up being even lower (even higher taxes),
the household benefits, and if the target winds up being higher (lower taxes), the household loses.
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Figure 13: Consequences of recent fiscal uncertainty. The values are given in percent deviations from case 0 and based
on Monte Carlo simulations of the model where the true debt target is always high.

When the true transition matrix is symmetric, these forecast errors are equally likely. However,
when the transition matrix is skewed so that high debt targets are more frequent, then it is less
likely that the target winds up being lower, meaning it is less likely that the household benefits.
Thus, on average, there are welfare losses at the beginning of the simulation. A similar argument
explains why there are initially median welfare gains when the low debt target is visited more
frequently (figure 12b). As the household learns the true transition matrix, the bias disappears.

5.5 UNCERTAINTY AND RECENT FISCAL POLICY The previous section makes clear that lim-
ited information about the debt target creates two-sided risk. Depending on how the household’s
expectations are aligned with the realization of future states, limited information can result in gains
or losses. These results may seem counterintuitive, given the popular belief that fiscal uncertainty
leads to welfare losses. However, this section shows that the uncertainty created by the recent
fiscal policy debate has depressed output and led to welfare losses. To understand why, consider
the following scenario. The fiscal authority announces they will reduce deficits with an increase in
taxes. The household believes the announcement is credible and places positive probability mass
on higher short-run taxes. However, when it comes time to increase taxes, the fiscal authority re-
neges on its promise and keeps taxes low. The household is surprised to see taxes remain low and
invested less than they would have if they knew taxes would stay low. This mistake leads to per-
sistently lower output, which the economy recovers from as the household revises its expectations.

To see the quantitative effects of this policy, we consider an experiment where the true debt
target state is always high (i.e., there is no uncertainty about future debt target states in case 0 since
the high debt target state is perfectly absorbing), but the household faces limited information about
the state and how it evolves.Figure 13aplots the paths of output and capital (in percent deviations
from case 0), which are based on Monte Carlo simulations of this experiment. In case 1, learning
about the high debt target state is not difficult, and the paths closely follow case 0. However,
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Figure 14: Effect of a policy that credibly commits to the high debt target. The values are given in percent deviations
from case 0 and based on Monte Carlo simulations of the model where the true debt target is always high.

in cases 2 and 3, learning about the transition matrix results in lower capital, consumption, and
leisure. The household’s initial belief of the transition matrix is symmetric so that realizations of
the tax rate are strictly below expectations. Each period the household is surprised by low taxes.
These surprises decline over time as the household’s belief of the transition matrix approaches the
truth. Initially, the surprises are large and the household invests much less than in case 0 due to
higher expected taxes. Their belief of the transition matrix adjusts rapidly, which leads to higher
investment and a build-up of the capital stock. Thus, capital accumulates to the level in case 0, at
the expense of lower consumption, leisure, and welfare (figure 13b). This example indicates that
the recent fiscal policy debate, which has led to heightened uncertainty, has slowed the recovery.

Figure 14shows the effect of the fiscal authority deciding to credibly commit to the high debt
target to guide the household’s expectations after a prolonged period of uncertainty. The com-
mitment in period 10 expedites the recovery from the uncertainty to full information output. The
experiment is the same asfigure 13, except beginning in period 10 the household’s beliefs coincide
with the true transition matrix (i.e., they know the high debt target is an absorbing state). Once
the household’s expectations match actual fiscal policy dynamics, output nearly makes a full re-
covery within 10 years. Therefore, the fiscal authority is able to effectively counteract the negative
consequences of the household’s limited information from the first 10 years of the simulation.

The speed of the recovery depends on how far the paths of output and capital initially deviate
from full information, which is a function of the household’s prior belief of the transition matrix.
If the household is endowed with more information about the true transition matrix, then the initial
impact of uncertainty is smaller and the recovery is quicker following the announcement of the
fiscal authority’s commitment. Regardless, uncertainty about the debt target always makes the
household worse off if their expected tax rate under limited information is less consistent with the
realization of taxes than their expected tax rate under full information. There are many scenarios
when this is true. However, it is particularly acute if the household expects tax rates to strictly
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increase (decrease) when, in reality, they do not change. Thescheduled sunset of the Bush tax
cuts in 2010 is one recent example of such a policy since the tax cuts were extended for two
years and then permanently extended for families (individuals) earning under $450,000 ($400,000)
annually. People likely placed positive probability mass on the sunset provision (and little or no
probability on further tax cuts) due to initiatives by the President and Congress to reduce deficits,
but were surprised when the tax cuts were permanently extended. This scenario demonstrates that
if households receive clearer signals about future policy, then they are less hesitant to invest and
the economy quickly recovers, even if past signals were noisy.

6 CONCLUSION

The main contribution of this paper is to model the uncertainty surrounding the long-run debt
target by assuming that households have limited information about both the current debt target
state and the transition probabilities. A Bayesian household learns about the state and uses an
anticipated utility approach to form expectations conditional on their belief about the transition
matrix. We analyze the effects of the uncertainty on the household’s decisions and quantify the
welfare consequences across three limited information sets. Our key findings are as follows:

1. The household learns about the transition matrix much slower than they learn about the
unknown debt target state. Moreover, incorrect inferences of the state adversely affect the
household’s estimates of the true transition matrix, creating feedback effects that alter the
endogenous paths. Perhaps surprisingly, the variance of the welfare distribution is smaller
when the debt target state is unknown because the household acts more cautiously.

2. Uncertainty creates persistent deviations from the full information paths. Discretionary tax
shocks cause the household to incorrectly place probability mass on a change in the debt tar-
get state, which affects their consumption/saving and labor/leisure decisions. This changes
the real interest rate and leads to persistent changes in the path of debt relative to output.
Under the most limited information set (case 3), the paths of capital and output regularly
deviate from the full information paths (case 0) by0.3 and0.1 percent.

3. Fiscal uncertainty imposes two-sided risk. When the household’s prior and the true transition
matrix are symmetric, there is an equal chance of welfare gains and losses with no welfare
consequences in the median of the distribution. If the true transition matrix visits a high
(low) debt target more often, then the household under-invests (over-invests) when tax rates
are lower (higher) than expected, which shifts the welfare distribution toward losses (gains).

4. The uncertainty created by the recent policy debate has depressed output and led to welfare
losses. Although a portion of the welfare distribution shows gains, these outcomes did not
occur since the realizations of policy were inconsistent with people’s expectations. When
Congress provides greater clarity about the future direction of fiscal policy, even after a
period of uncertainty, output and welfare increase and the economy quickly recovers.

We caution that our results represent a floor on the consequences of fiscal uncertainty, since
uncertain debt targets is only one source. Uncertainty about government spending and entitlement
programs represent additional layers of fiscal uncertainty that are important future research topics.
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A TECHNICAL APPENDIX

A.1 DISCRETIZATION METHOD (3-STATE MARKOV CHAIN ) Several Markov switching mod-
els contain only two states. If it is a hidden Markov model, then a single probability, call itqt, de-
scribes the household’s belief about the state in periodt. The household believes with probability
qt that they are in state1 and probability1−qt that they are in state2. Thus, if the state is unknown
at t and there are only two realizations, then discretizingq on the interval[0, 1] in the state-space is
straightforward. Policy function iteration is used to obtain an approximate solution to the hidden
Markov model by includingq in the state-space with an appropriate rule to updateq to form expec-
tations. However, if there arem states in the Markov chain, then the restriction

∑

i qt(i) = 1, for
i ∈ {1, . . . , m} whereqt(i) = Pr(st = i|xt), imposes a constraint on the discretized state space.
For example, if eachqt(i) is simply discretized on the interval[0, 1], then the solution procedure
will attempt to find approximating policy functions on regions of the state-space that violate the
restriction on the likelihood (e.g.,qt(1) = qt(2) = qt(3) = 1 or

∑

i qt(i) = 3). Therefore, an
alternative approach to discretizing the state space is necessary.

Suppose thatm = 3, as in our model. The restriction on the likelihood in periodt is qt(1) +
qt(2)+qt(3) = 1. Note that given two of the three probabilities, the third is defined; geometrically,
the restriction is a formula for a plane. The additional restrictions that0 ≤ qt(i) ≤ 1 make it an
equilateral triangle with vertices at the unit vectors[1, 0, 0], [0, 1, 0], and[0, 0, 1]. Therefore, there
exists a one-to-one mapping (bijection),g : R3 → R

2, that satisfies the above restrictions (i.e., one
that defines the triangle in a 2-dimensional space). Ifg(q) = θ, with q andθ as row vectors, then
the mappingg is a projection,

g(q) = (q− o)B = θ,

whereo defines the origin of the projection inR3, B is a orthonormal basis of the original plane,
and

∑

i qt(i) = 1. To deriveB, note that̃b1 = [0, 1,−1] andb̃2 = [1, 0,−1] form a basis for the
original plane. We use the Gram-Schmidt process to obtain orthogonal vectorsb1 andb2, where

b1 = b̃1 = [0, 1,−1], b2 = b̃2 − projb1

(

b̃2

)

= [1,−1/2,−1/2],

so thatB ≡ [bT
1 /||b1||,bT

2 /||b2||] is an orthonormal basis. To see the mapping clearly, define
o ≡ [1, 0, 0] and write the mapping as a system of two linear equations,

θ1 = (qt(1)− 1)b11 + qt(2)b21 + qt(3)b31

θ2 = (qt(1)− 1)b12 + qt(2)b22 + qt(3)b32.

Imposing
∑

i θi = 1 and simplifying the system implies

θ1 = qt(2)(b21 − b11) + qt(3)(b31 − b11)

θ2 = qt(2)(b22 − b12) + qt(3)(b32 − b12).

Thus, given an appropriate choice ofB, there is a one-to-one mapping betweenθ andq.
To implement the discretization,qt(2) andqt(3) are first discretized on the interval[0, 1], with

qt(1) implied by the likelihood restriction. Permutations that violateqt(1) ≥ 0 are discarded. The
remaining coordinates are mapped intoθ ∈ R

2, which is included in the state-space and has the
practical benefit of reducing the state-space by one dimension. The policy functions are approxi-
mated with ordinary least squares on a complete monomial basis of order2 to avoid complications
with ordering the discretized coordinates in a meaningful way.
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A.2 HAMILTON FILTER In cases 1 and 3, the household observes the tax rate and laggeddebt-
to-output ratio, but not the decomposition of the observation between the state-dependent parame-
ters and the discretionary shock. This means the household does not know the current debt target
state,s. With each additional observation, the household uses a Hamilton (1989) filter to update
their belief about the probability distribution ofs. This section outlines the filter, which is an ap-
plication of Bayes theorem. The filter takes as input a vector of conditional probabilities, which
are in the state-space of the household’s optimization problem, given by,

Pr[st−1 = i|xt−1],

wherei ∈ {1, 2, 3} andxt−1 ≡ {x0, . . . , xt−1}, and updates them with the most recent observation,

xt ≡ τt − γbt−1/yt−1.

The filter outputs the updated conditional probabilities, given by,

Pr[st = j|xt],

wherej ∈ {1, 2, 3}, and the conditional likelihood ofxt, f(xt|xt−1). To apply the filter, note that
the probability density ofxt is normally distributed so that

f(xt|st = j, st−1 = i,xt−1) =
1√
2πσ2

exp

(

− ε2t
2σ2

)

,

whereεt = xt − (τ̄ (st)− γby(st)). The filter’s output is obtained with the following sequence of
calculations for alli, j:

1. Calculate the joint probability of(st = j, st−1 = i) conditional onxt−1,

Pr[st = j, st−1 = i|xt−1] = Pr[st = j|st−1 = i] Pr[st−1 = i|xt−1].

2. Calculate the joint conditional density-distribution ofxt and(st = j, st−1 = i),

f(xt, st = j, st−1 = i|xt−1) = f(xt|st = j, st−1 = i,xt−1) Pr[st = j, st−1 = i|xt−1].

3. Calculate the likelihood ofxt conditional onxt−1,

f(xt|xt−1) =
m
∑

j=1

m
∑

i=1

f(xt, st = j, st−1 = i|xt−1).

4. Calculate the joint probabilities of(st = j, st−1 = i) conditional onxt,

Pr[st = j, st−1 = i|xt] =
f(xt, st = j, st−1 = i|xt−1)

f(xt|xt−1)
.

5. Calculate the output by summing the joint probabilities over the realizationsst−1,

Pr[st = j|xt] =

m
∑

i=1

Pr[st = j, st−1 = i|xt].

The household’s expectations contain future policy variables, which are interpolated at the updated
probability distribution forst.
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A.3 IMPORTANCE SAMPLER In case 2, the household knows the debt target state, but does
not know the probabilities of the transition matrix. However, they know there is a time invariant
transition matrix,P , with stationary distribution,Π(P ). This section outlines the importance sam-
pler, which the household uses to estimate the transition probabilities. The likelihood of observing
sT ≡ {st}Tt=0 is

f(sT |Π, P ) =

(

3
∏

j=1

Πj(P )1j

)(

3
∏

i=1

3
∏

j=1

p
mo

ij

ij

)

=

3
∏

j=1

Πj(P )1j

3
∏

j=1

p
mo

1j

1j

3
∏

j=1

p
mo

2j

2j

3
∏

j=1

p
mo

3j

3j , (14)

whereΠj is thejth element of the stationary distribution,1j ∈ {0, 1} is an indicator for whether
statej is occupied by the household at time0, pij is the probability corresponding to rowi and
columnj of the transition matrix, andmo

ij is the number of observed transitions from statesi to j.
Following Geweke (2005), the conjugate prior follows a Dirichlet distribution given by

f(P ) =

[

3
∏

i=1

Γ

(

3
∑

j=1

aij

)

/ 3
∏

i=1

3
∏

j=1

Γ(aij)

](

3
∏

i=1

3
∏

j=1

p
aij−1
ij

)

, (15)

whereaij > 0 are the shaping parameters of the prior distribution, andΓ is the gamma function.
The posterior density is given by the product of the likelihood function, (14), and the prior density,
(15). Thus, dropping the constants of proportionality, the posterior density is

f(P |sT ) ∝
(

3
∏

j=1

Πj(P )1j

)(

3
∏

i=1

3
∏

j=1

p
aij+mo

ij−1

ij

)

. (16)

The number of observed transitions, which are calculated after inferring the current state,st, deter-
mine the shaping parameters of the posterior distribution. Thus, as time unfolds the households’s
estimates of the probabilities converge toward the true probabilities.

The posterior distribution, (16), does not correspond to any standard density function that we
can sample from directly. However, the second component is a product of two independent Dirich-
let probability density functions. Consequently, we utilize the following importance sampling al-
gorithm to sample from this distribution. First, sampleL draws from a Dirichlet distribution with
parametersai +mi whereai = [ai1 ai2 ai3 ] andmi = [mi1 mi2 mi3 ] for i = {1, 2, 3}. To
accomplish this, we follow the procedure outlined in Gelman et al. (2004, Appendix A). Draws are
made from a Gamma distribution with parameters((ai +mi)/2, 2), and then weighted by the sum
of the draws corresponding to each state,i. That is, using the draws,xℓ

ij , from a Gamma distribu-
tion, a draw from a Dirichlet distribution isθℓij = xℓ

ij/
∑3

i=1 x
ℓ
ij . Second, the draws from the Dirich-

let distribution are weighted by the coefficient of the posterior distribution,wℓ ≡
∏3

j=1Πj(P
ℓ
t )

1j

for all ℓ ∈ {1, . . . , L}, and then divided by the sum of the weights. Formally, the weighting proce-
dure produces an estimate of the transition probabilities (draw from the posterior distribution),

p̂ij =

∑L
ℓ=1wℓθ

ℓ
ij

∑L
ℓ=1wℓ

.

Alternatively, we could have drawn from the posterior distribution by applying the independence
Metropolis-Hastings algorithm or acceptance sampling. Since we use a representative agent model,
the efficiency gains from these alternative sampling algorithms is negligible.
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A.4 GIBBS SAMPLER In case 3, when both the current debt target state and transition proba-
bilities are hidden, the household employs a Gibbs sampler to estimate the transition probabilities
(i.e., they construct a Markov chain such that the limiting distribution of the chain is the joint distri-
bution of interest). The household still uses the Hamilton filter to infer the current, end-of-sample,
state. This is because the Gibbs sampler efficiently relies on the lagged and future states to draw a
sequence of states each iteration, and so it performs relatively poorly at the end-of-sample where
the future is unobserved. Furthermore, it cannot replace the Hamilton filter in the optimization
problem since it requires the entire sample to estimate the probability distribution ofs, which is
computationally prohibitive.

Albert and Chib (1993) outline a Gibbs sampler to estimate an entire autoregressive 2-state
hidden Markov model withr lags, but since we assume the household understands certain aspects
of fiscal policy—the speed of expansion/consolidation, the long-run debt targets and supporting tax
rates, and the volatility ofi.i.d. discretionary tax shocks—the following Gibbs sampler only needs
to iterate on the sequence of states and the transition probabilities. We chose a Gibbs sampler rather
than maximum likelihood estimation of the Hamilton filter since imposing a prior distribution on
the transition matrix yields reasonable estimates with short samples (i.e., it keeps the transition
probabilities bounded away from from 0 and 1) and it does not require a nonlinear solver.

In periodT , the household samples a sequence of states,sT , conditional on the 3-state transition
matrix,P , and the observations,xT , sequentially. The following steps outline the sampler:

1. Initialize the Gibbs chain by sampling a sequence of states,sT = {s1, . . . , sT}, from the
prior transition matrix,P , using a uniform random number generator.

2. Fort ∈ {1, . . . , T} andj ∈ {1, 2, 3}, samplest conditional onxT and the neighboring states
from the previous draw using the following rules:

• If t = 1, thenf(s1|xT , s−1) ∝ Πj(P )pjkf(x1|s1), wheres2 = k.

• If 1 < t < T , thenf(st|xT , s−t) ∝ pijpjkf(xt|st), wherest−1 = i andst+1 = k.

• If t = T , thenf(sT |xT , s−T ) ∝ Πj(P )pijf(xT |sT ), wheresT−1 = i.

st andxt are particular realizations at timet,Πj(P ) is thejth element of the stationary distri-
bution ofP , pij is the probability corresponding to rowi and columnj of P , ands−t ≡ sT \
{st}. The conditional probability density function,f(xt|st) = exp {−ε2t/(2σ

2)} /
√
2πσ2,

whereεt = xt − (τ̄ (st) − γby(st))) is the discretionaryi.i.d. tax shock.st is drawn from
each of these 3-element vectors of conditional probabilities with a uniform random number
generator after normalizing by the sum of the elements.

3. Use the importance sampler in appendixA.3 to draw a new transition matrix,P .

4. Repeat steps 2 and 3N times.

The household uses the averageP over the last half of the Gibbs chain as their estimate of the
transition matrix,P̂ , in periodT .
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B ADDITIONAL RESULTS(NOT FOR INTENDED PUBLICATION )

B.1 MEASURES OFUNCERTAINTY The results in this section are based on the same sequence
of debt target states and discretionary tax shocks that generate the results insection 5.1.

Figure 15shows the likelihood value associated with each debt target state in case 3. The
square, x, and diamond markers correspond to the likelihood of being in the state with a high,
middle, or low debt target. The solid line corresponds to the highest likelihood value across all
states in a given period. This is a first pass at measuring the uncertainty about the state. The lower
its value, the more uncertain the household is that the current state is the one given by the highest
likelihood value. The drawback with this measure of uncertainty is that it ignores the possibility
of the other two states having non-zero likelihood values.

Figure 16presents an alternative measure of the uncertainty. Each period the Hamilton filter
outputs the probability of each state conditional on the household’s observations,Pr[st = i|xt].
Absolute uncertainty occurs when the household assigns each state equal probability,Pr[st =
i|xt] = 1/3 for i ∈ {1, 2, 3}. In this case, we want the uncertainty index to equal1. Absolute
certainty occurs when the household assignsPr[st = i|xt] = 1 for somei. In this case, we want
the uncertainty index to equal0. The norm difference between the likelihood vector with absolute
certainty and absolute uncertainty is normmax = (

∑3
i=1(1i − 1/3)2)1/2, where1i is an indicator

that equals 1 if the household is certain that statei is the truth and0 otherwise. Thus, we adopt the
following uncertainty index,

normmax −
√

∑3
i=1(Pr[st = i|xt]− 1/3)2

normmax
,

which ranges from0 (absolute certainty) to1 (absolute uncertainty) as desired. The intervals
where the difference in the Household’s belief from the truth exceeds one standard deviation are
superimposed on this uncertainty index (shaded regions). Notice the average level of uncertainty
is greater in case 3 than in case 1. Periods of high uncertainty generally correspond to intervals
where beliefs are farther from the truth, which alters the predicted business cycles relative to the full
information case. However, it is possible the household could be very confident in their inference,
when in fact they are incorrect, if there is a sequence of unusually large discretionary tax shocks
(e.g. periods 40-46). In this case, they are simply mistaking a discretionary tax shock for a change
in the long-run debt target, which causes them to be overconfident in their inference of the state.

B.2 FORECAST ERRORS Figure 17shows the average variance of the consumption forecast
errors as a percentage of steady state consumption across5,000 Monte Carlo simulations of the
model, which provides an additional measure of how limited information affects the household.
Let ηct ≡ ct − Et−1(ct). Then the variance of the forecast errors through periodt in a particular
simulation is

var({ηci}ti=2) =
1

t− 2

t
∑

i=2

(

ηci −
t
∑

j=2

ηcj/(t− 1)

)2

,

which is averaged across all simulations for each periodt. The variance of the forecast errors is
constant for cases 0 and 1, but the variance is smaller for case 1 even though the household has
less information. This is because the household behaves more cautiously, which results in lower
volatility of the endogenous variables and more predictable consumption. In cases 2 and 3, the
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Figure 15: The likelihood of each state in case 3. The solid line is the highest likelihood across all 3 states. The square,
x, and diamond markers correspond to the states with a high, middle, or low debt target intercept.
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Figure 16: The uncertainty index is the norm difference between the vector of state likelihoods and absolute uncertainty
(i.e. (

∑

3

i=1
(P [st = i|xt]−1/3)2)1/2), as a percentage of the maximum possible norm difference. Thus the uncertainty

index ranges from 0 (absolute certainty) to 1 (absolute uncertainty). The dashed line is the average value of the index.
The top and bottom panels are based on identical sequences of debt target states and discretionary tax shocks.
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Figure 17: The average variance of the consumption forecast errors, as a percentage of deterministic steady state
consumption. The values are based on5,000 Monte Carlo simulations of the model.

unknown transition matrix significantly increases the size of the forecast errors. As the household
learns about the true transition matrix, the variance of the forecast errors decline. In case 3, more
volatile forecast errors results from the unknown state reducing the household’s ability to learn the
true transition matrix. After 250 periods, the estimated transition matrix is close to the truth in both
cases 2 and 3 and so the variance of the forecast errors approaches the variance in cases 0 and 1.

B.3 VARIANCE COMPARISON Figure 18shows the median and one standard deviation bands of
the distribution of welfare costs in case 3 (λ3) in terms of the percent of case 0 consumption goods
forgone over the remaining simulation and compares these distributions when the variance of the
tax shock is high and low. Under either variance, welfare volatility increases at the beginning of
the simulation, since the amount of uncertainty is high. The bands (dashed lines) taper toward zero
as the influence of the uninformative prior in the Gibbs sampler diminishes and the household’s
estimate of the transition matrix becomes more accurate. Notice that the tails of the distribution are
wider at the beginning of the simulation under low variance. Once again, this provides evidence
that the household acts cautiously since the unknown state smooths their expectations.
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(a) High variance (σε = 0.02)
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Figure 18: The distribution of welfare costs in case 3 in terms of the percent of case 0 consumption goods forgone over
the remaining simulation. The solid line is the median and the dashed lines are the16/84 percentile bands. A positive
(negative) number represents a welfare cost (benefit). The values are based on5,000 Monte Carlo simulations.
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