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ABSTRACT

When monetary policy faces a zero lower bound (ZLB) constramn the nominal interest
rate, determinacy is not guaranteed even if the Taylor jplieds satisfied when the ZLB does
not bind. This paper shows the boundary of the determinagipmemposes a clear tradeoff
between the expected frequency and average duration of ¥eBt® We show this tradeoff
using a global solution to a nonlinear New Keynesian modéh wiro alternative stochastic
processes—one where monetary policy follows a 2-state dWackain, which exogenously
governs whether the ZLB binds, and the other where ZLB evar$e endogenously due to
technology shocks. In both cases, the household accountisef@ossibility of going to and
exiting the ZLB in expectation. We quantify the expectasibeffect of the ZLB and show it
depends on the parameters of the stochastic process.
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1 INTRODUCTION

Since the beginning of the financial crisis in late 2007, meamntral banks around the world have
targeted a policy rate near zero and promised to maintainvadte until economic conditions

improve. Despite this policy and numerous unconventionéties, most of these countries still

face elevated unemployment levels and anemic output groWwiis experience has ignited new
research that studies the impacts of the zero lower bounB)#h the nominal interest rate.

The ZLB constraint imposes a kink in the monetary policy rulMost of the literature that
studies the ZLB gets around this discontinuity by lineaxgzthe equilibrium system, except the
monetary policy rule. In these studies, ZLB events occuhwértainty, they last for a predeter-
mined duration, and there is no probability of returning[eBraun and Korbef2011); Christiano
et al.(2011); Eggertsson and Woodfo(@003; Gertler and Karadj2011)]. Recently global solu-
tion methods have been used to solve nonlinear models wittBd&g., Aruoba and Schorfheide
(2013; Basu and Bundick2012; Fernandez-Villaverde et al2012; Gavin et al.(2013; Gust
et al.(2012; Judd et al(2011); Mertens and Rav(2013], but most of the work on determinacy
uses a perfect foresight setup [eAdstadheim and Hendersq2006; Benhabib et al(2001ab)].

When monetary policy faces a ZLB constraint, the Taylor giple—the principle that mon-
etary policy pins down prices by adjusting the nominal ieg¢rate more than one-for-one with
inflation—does not guarantee determinacy even if it is Batlsvhen the ZLB does not bind. This
paper shows the boundary of the determinacy region impodegaatradeoff between the expected
frequency and average duration of ZLB events. We show tadewff using a global solution to a
nonlinear New Keynesian model with two alternative stotbgsocesses—one where monetary
policy follows a 2-state Markov chain, which exogenouslygms whether the ZLB binds, and the
other where ZLB events arise endogenously due to technabggks. In both cases, the house-
hold accounts for the possibility of going to and exiting #1eB in expectation. We quantify the
expectational effect of the ZLB and show it depends on thampaters of the stochastic procéss.

There are two main drawbacks with using a linearized equilib system to study the ZLB.
First, the solution has large approximation errors thaaffhe qualitative properties of the model
[Braun et al.(2012; Fernandez-Villaverde et a2012]. Second, it permits calibrations of the
stochastic processes (e.g., highly persistent procesteavge shocks) that do not yield a unique
bounded equilibrium. Any monetary policy rule contains aB/ltegardless of whether it is im-
posed by the modeler. This means calibrations of the stticha®cesses, which affect the ex-
pected frequency and duration of ZLB events, must also tadfeterminacy in linear models. This
fact is largely ignored in the literature, despite its intpat implications. Both of these drawbacks
motivate using a nonlinear model to accurately accountfeial B and study its consequences.

We solve the model using the policy function iteration aition described irRichter et al.
(2013, which is based on the theoretical work on monotone opesatoColeman 1991). This
solution method discretizes the state space and uses gna#ioh to solve for the updated policy
functions until the tolerance criterion is met. We use pigse linear interpolation to approximate
future variables that show up in expectation, since this@gugh more accurately captures the kink
in the policy functions than continuous functions, and Gadsrmite quadrature to numerically
integrate. We set the bounds of the stochastic state varsatthat they encompag$.999 percent
of the probability mass of its distribution. We specify)01 grid points for each state variable and

For a complete picture of the solution to New Keynesian medéth and without capital seBavin et al.(2013.



the maximum number of Gauss-Hermite weights (66) for eaatimoous shock. These techniques
minimize extrapolation and ensure that the location of fih& s accurate.

In both the exogenous and endogenous setups, we classiifgbethm asnon-convergent
whenever the iteration step, defined as the maximum distaetwecen policy function values on
successive iterations, increases at an increasing ratedae tharb0 iterations or when all of the
values in any policy function consistently drift from theteady-state value. Additionally, when
ZLB events are endogenous, we require that the ZLB bindswerfthan 50 percent of the nodes
in the state space since it is infeasible for the ZLB to bintthatstochastic steady state. We classify
the algorithm agonvergentvhenever the iteration step is less than '3 (the tolerance criterion)
for 10 successive iterations, which prevents the algorittam jumping to the tolerance criterion.

Davig and Leepe(2007) contains two monetary policy rules—one that aggressiketponds
to inflation and one that reacts less aggressively to inflatigoverned by &-state Markov chain.
Their setup is similar to a model with a ZLB constraint, siaqeegged zero interest rate regime is a
special case of passive monetary policy. Thus, we use #gime switching setup as a benchmark
for our algorithm. When we adopt the models they use (logdirFisherian economy, log-linear
New Keynesian economy), our algorithm yields the same detercy regions they analytically
derive. This means our algorithm is non-convergent wherteemonetary policy parameters are
outside their analytical determinacy region and convergdrenever the Long-run Taylor Princi-
ple is met. Our numerical solutions to these models alsolélj@aninimum state variable (MSV)
solutionsDavig and Leepef2007) derive. Thus, we define any convergent solution as a deter-
minate rational expectations equilibrium and the set ofveagent solutions as the determinacy
region (i.e. the set of parameters that deliver a uniqudestdBV solution)?

Within the class of Markov-switching rational expectasonodelsFarmer et al(2009 2010,
Barthélemy and Marx2013, andCho (2013 prove that non-MSV solutions with fundamental or
non-fundamental components may still exist even when th& Mi&ution is determinate. To be
clear, our numerical algorithm rules out many indeterneregjuilibria that are subject to sunspot
fluctuations (e.g., in models that do not contain a ZLB caisty our algorithm only converges
when the Taylor principle is satisfied), but it cannot cagtilire types of non-MSV solutions that
may exist when a determinate MSV solution exis8tudying these types of solutions in models
with a ZLB constraint is an important topic for future resggrbut we believe locating regions of
the parameter space that deliver a determinate MSV solutindle accurately capturing the ZLB is
significant since most macroeconomic research (includstighation) is based on MSV solutions.

Models that include a ZLB constraint contain two deterntinisteady statesBenhabib et al.
(200148b)]. Specifically, there are two nominal interest rate/indlatrate pairs consistent with
the steady state equilibrium system. In one case the mgreat#inority meets its positive inflation
target, while in the other, deflation occurs. Similar to thespot shocks iAruoba and Schorfheide
(2013 and the confidence shockshfertens and Rav(R013, exogenous switches in the monetary
policy state that occur in our model cause the economy tackwietween these two equilibria.
However, the model only simulates to a deflationary steaale sthen the expected duration of
ZLB events is sufficiently long. In our other setup where ZLhRts are endogenous, the model
never simulates to the deflationary steady state due to negarsion in the stochastic process.

°The code used to produce our results and repliDaiég and Leepef2007) is available upon request.

3Barthélemy and Marx2013 refer to unique bounded MSV solutions as bounded Markostations (i.e.,
dependent on a finite number of past regimes). Our numelgalitnm rules out the possibility of multiple bounded
Markovian solutions, but there may exist other bounded Mankovian solutions. We call these non-MSV solutions.
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The paper is organized as followSection 2describes the model econonfyections 3and4
lay out the two alternative stochastic processes that dneeeconomy to the ZLB and show the
tradeoff between the expected frequency and average otz LB events Section Sconcludes.

2 MODEL ECONOMY AND BASELINE CALIBRATION

A representative household chooges n, b; }:°, to maximize expected lifetime utility, given by,
Eo S5, BH{ci /(1 — o) — xn,7"/(1 + 1)}, wherel /o is the intertemporal elasticity of substi-
tution, 1/7 is the Frisch elasticity of labor supply, is consumption of the final good, is labor
hours, and’ is the discount factor. The choices are constrained byb, = wyn, + r,_1by_1 /7 +

7, +d;, wherer, = p,/p,_ is the gross inflation ratey;, is the real wage rate; is a lump-sum tax,
b, is a one-period real bond, is the gross nominal interest rate, ah@re profits from intermediate
firms. The optimality conditions to the household’s utilityaximization problem imply

wy = xncd, Q)
1= BriEd(ci/cer)’ [T} (2

The production sector consists of a continuum of monopoc#ily competitive intermediate
goods firms and a perfectly competitive final goods firm. Eaeh fi € [0, 1] in the intermedi-
ate goods sector produces a differentiated ggpd), according toy,(i) = zn(i), wherez, is
technology and, (i) is the level of employment used by firim The final goods firm purchases
y:(i) units from each intermediate firm to produce the final gapds= [ [, v:(i)®~1/%di)?/ ¢V,
according to aDixit and Stiglitz (1977 aggregator, wheré > 1 is the prlce elasticity of de-
mand between intermediate goods. Proflt maximization giéhe demand function for goad
ye(1) = (pe(3)/ps)~%ys, Wherep, = f p:(1)'%di]/0=9 is the final good price. Each interme-
diate firm chooses its price level;(i), to maX|m|ze the expected present value of real profits,
E > qaendi (i), whereg, = 1, i1 = B(ci/ciy1)? is the pricing kernel between periods
andt + 1, andg,, = Hf:m ¢;—1,;. Following Rotemberg1982), each firm faces a cost to ad-
justing its price, which emphasizes the potentially negagiffect that price changes can have on
customer-firm relationships. Using the functional formreland(1997), firm i’s real profits are

dy(i) = [(P;(ti))l_e _ vy, (pgj))_e _ g (Wlit—(j)(i) - 1)2] Ui,

wherep > 0 determines the magnitude of the adjustment cdstis the real marginal cost of
producing a unit of output, andis the steady-state gross inflation rate. In a symmetridibguim,
all intermediate goods firms make the same decisions andtiraality condition reduces to

. (E B 1) - (1 . 9) +9\I]t —|—g0Et |:qt,t+1 <7T1;_:-1 _ 1) 7Tt_+1 %:| . (3)

T T Y

In the absence of price adjustment costs (e~ 0), the real marginal cost equalg — 1) /0,
which is the inverse of the firm’s markup of price over mardjoust.

Each period the fiscal authority finances its spendindpy levying lump-sum taxes( = g).
The resource constraintis+ g = [1 — p(m; /7 — 1)?/2]y,. The household’s and firm’s optimality
conditions, the government’s budget constraint, the naogetolicy rule (defined below), the bond
market clearing conditiorb{ = 0), and the resource constraint form the equilibrium system.
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Figure 1: Determinacy regions across alternative mongialigy responses to inflation.

The model is calibrated at a quarterly frequency using \&wiliat are common in the literature.
We sets = 0.99 ando = 1, implying log utility in consumption. The Frisch elastigiof labor
supply, 1/n, is set tol and the leisure preference parameigrjs set so that steady-state labor
equalsl/3 of the available time. The price elasticity of demand betwigermediate good¥,
is calibrated tas, which corresponds to an average markup of price over margost equal to
20 percent. The costly price adjustment parameteiis set to58.25, which is consistent with a
Calvo (1983 price-setting specification where prices change on agevage every four quarters.
Steady-state technology, is normalized td. In the policy sector, the steady-state gross inflation
rate, 7, is calibrated ta .005, which implies an annual (net) inflation rate targeRqgdercent. The
steady-state ratio of government spending to output ibicakd to20 percent.

3 EXOGENOUSZLB EVENTS: MONETARY POLICY SWITCHING

In this section, the monetary authority sets the gross nanmterest rate according to

e B
o {T(?Tt/ﬂ') exp(ey) for s, =1 | @
1 for s, =2

whereg, is the policy response to deviations of inflation from itsasle state and, ~ N(0, 02)
is a discretionary monetary policy shock. The monetarygyddtate evolves according tQ2estate
Markov chain with transition matri¥r{s, = j|s;_1 = i} = p;j, fori,j € {1,2}. Whens, = 1,
the monetary authority follows the Taylor principle,( > 1) and whens, = 2, the monetary
authority exogenously pegs the (net) nominal interestaaero. We set, = z ando. = 0.003,
which is small enough that the ZLB never binds due to a digoraty monetary policy shock.
Thus, all ZLB events in this section are due to exogenousgdsim the monetary policy state,
As long as the household places sufficient expectation omtrestary authority pinning down
prices in the future, a uniqgue bounded MSV solution stilsexieven though the Taylor principle
is violated when the ZLB bindsFigure laplots the determinacy (shaded) regiong iy, pss)-
space forp, € {1.3,1.5,1.7}. Within this region, the dynamics of the endogenous vagislre
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standard; as the household places greater weight on goihg #1.B, expected deflation raises the
real interest rate and reduces consumption and output.

The boundary of the shaded region for eaghrepresents the largegt, value that yields
a determinate solution for eagh; value. These results show a clear tradeoff betwgerand
p22. When there is a low probability of going to the ZLB (i.e., alherp,,), it is possible for
the household to expect longer ZLB events (i.e., a highgrand still guarantee a determinate
solution. To see this more clearlijgure 1bplots the probability of going to the ZLB (i.ep;2)
as a function of the average duration of each ZLB event (L&.] — p22)) for each value of
.. When the average duration of ZLB events is short, the ecgrean support a higher expected
frequency of ZLB events. However, as the average duratidh Bfevents increases, the maximum
expected frequency of ZLB events must fall to guarantee erohétbate solution. An implication
of our results is that stochastic processes that are conyneombedded in dynamic models do not
generate ZLB events that are consistent with observed ZleBtsywhich is similar to the points
made inChung et al(2012 andFernandez-Villaverde et g2012.

The determinacy region also depends critically on how gfiyothe monetary authority re-
sponds to inflation when the ZLB does not bind. If the monetahority responds more aggres-
sively to inflation whens; = 1 (i.e., a higherp,) andp,; < 1, the determinacy region widens,
since the household expects the monetary authority torrétua regime where prices are more
stable across the alternative realizations of the monetaligy shock. This means the economy
can support longer and/or more frequent trips to the ZLB. El@, it is interesting that regardless
of the value of¢,, the longest average ZLB event inside the determinacy neigithe same. As
p11 rises, the likelihood of recurring ZLB events declines amelimodel approaches a fixed-regime
setup where increasesdn beyond a minimum threshold have no effect on determinacyoAg
as the ZLB state exists, it is always possible for the ZLB tudlif the state exogenously switches
to s, = 2, but these switches are unexpected by the househpid # 1.

The deep parameters in the model (ea.yn, 5, ) also affect the expected frequency and
average duration of ZLB events and therefore the size of éterchinacy region, given monetary
policy. A larger price adjustment cost adds price stabiiitythe model and expands the deter-
minacy regions. When the degree of risk aversions higher, the household is less willing to
intertemporally substitute consumption. When the Fridelteity of labor supplyl /7, is larger,
the household’s willingness to supply labor is more serestt changes in the real wage rate. Both
of these effects make hours worked, consumption, and traionflrate less volatile when the ZLB
binds, which expands the determinacy region. When the noldés more patient (i.e., a higher
(), the steady state nominal interest rate is lower, whiclemses the frequency of ZLB events.

Our finding that there exists a tradeoff between the expdecteglency and average duration
of ZLB events and that it depends on the monetary authonigsponse to inflation is similar to
the main finding inDavig and Leepe(2007). Using two different log-linearized models, they
prove that when there are distinct monetary policy regintes,existence of a unique bounded
MSV solution does not require the Taylor principle to holdbioth regimes. As long as one of
the regimes satisfies the Taylor principle, the monetaryaity can passively respond to inflation
(i.e., adjust the nominal interest rate less than one-figrwith inflation) in the other regime and
still deliver a determinate solution. They also find thati imonetary authority visits the passive
monetary policy regime infrequently (i.e., a highgr), the model can support longer trips to
the passive monetary regime (i.e., highegy) and still achieve determinacy. However, there are
two key differences. First, an occasionally binding ZLB staint truncates the distribution of

5



interest rates, which significantly affects the houselsodpectations. Second, the calibration of
the stochastic process impacts the size of the determiegoy, which we quantify isection 4

4 ENDOGENOUSZLB EVENTS: STOCHASTICTECHNOLOGY

This section replaces the exogenous Markov-switchingge®uvith a continuous technology pro-
cess that determines the frequency and duration of ZLB sv@&ethnology follows

2z = Z(z-1/2)P% exp(er), (5)

where( < p, < 1 ande; ~ N(0,0?). We defines, = 0./+/1 — p? as the standard deviation of
(5). We remove the monetary policy shock, so the gross nomitedast rate is set according to

ry = max{1,7(m, /%)’ }. (6)

Positive realizations of technology shocks act as positggregate supply shocks. At high levels
of technology, firms’ per unit marginal cost of productionlaesv. Firms react by lowering their
prices and raising their production. This eventually cawdeflation and the (net) nominal interest
rate to fall to zero, given the Taylor rule i6)( Thus, ZLB events are endogenous in this section.

Section 3makes clear that when episodes at the ZLB are exogenousothredary of the
determinacy region imposes a clear tradeoff between theoteg frequency and average duration
of ZLB events. This same tradeoff is present when technofotigws (5) and ZLB events are
endogenous. We discretize the technology state Mtelements such that_; € {z,...,2x}.
Lets, € {1,2} indicate that the ZLB is either not binding or binding, resipeely. Letn denote the
index corresponding to the minimum level of technology vetee ZLB binds, which partitions the
state-space into two subsets. Denote the correspondimngfsedices ag, ;1 = {1,...,n — 1}
andZ,;, = {n,..., N}. Since technology follows5], the probability of going to the ZLB (the
analog ofp;, = 1 — py; in the transition matrix defined isection 3 is given by

Eiell,t—l PI‘{St = 2|Zt—1 = Zi}¢(zi|27 Uz)
Ziell’t,l ¢(Zz'|57 Uz) ’

Pr{s; =2|s;_1 =1} =

where

Zjel-g_’t ¢(‘€j‘07 Us)
ZjEILtUIz,t ¢(E]|07 U&) ’

o(z|p, o) is the normal probability density function, given meamand standard deviation For
eachz;_q, there is a vector of realizations of, where each realization corresponds to a Gauss-
Hermite quadrature node; (the roots of the Hermite polynomial).

Figure 2aplots (7) as a function of the technology state for three alterngias@meterizations
of (5). The shaded region corresponds to technology states wineiZLB binds, which begins
when technology i8.5 percent above its steady-state value. The three combnsatidp., o.) are
chosen to keep the boundary of the ZLB region unchangedchnt#dogy states below the bound-
ary, the probability on the vertical axis is the probabitifiygoing to the ZLB in the next quarter.
In technology states above the boundary, it is the proliglmfi staying at the ZLB. This figure
demonstrates the tradeoff between the probability ofrfytthe ZLB and the average duration of

Pr{s; =2|z1 =z} = (7)
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Figure 2: Properties of the model where ZLB events arise gewously due to technology shocks.

ZLB events. Asp, increases and. decreases, it is less likely the ZLB will bind in technology
states below the boundary and more likely the ZLB will conéno bind once the ZLB is hit.

The combinations ofp., 0.) shown infigure 2aarenot on the boundary of the determinacy
region in(p., o.)-space. The boundary of the ZLB region is a function@f o.), which affects
the probabilities of going to and staying at the ZLB. SincdBZtvents are endogenous dueij (
there is no way to mafy., o.) into equivalentp,1, ps2) values and generate a picture equivalent
to figure 1(i.e., we cannot increage, by changindp., o.) without alteringp,;). Thus, fixing the
boundary of the ZLB region offers the closest comparisohédWlarkov chain process section 3

Figure 2bshows that along the boundary of the determinacy (shadg®mngethere is a clear
tradeoff between the persistence of the technology propesand the standard deviation of the
shock,o.. As the persistence of the process increases, the stanelaation of the shock must
decline to avoid an indeterminacy region. This tradeoffexfi thatp, ando. both impact the
expected frequency and average duration of ZLB eventfigasee 2ashows. Once again, the
monetary policy response to inflatiop,, affects the size of the determinacy region. For a given
p., an increase iw, permits a larger., as prices are more stable when the ZLB does not bind.

The fact that the parameters of the stochastic process tnipadeterminacy region is sig-
nificant, because these parameters do not affect detenmindinearized models, regardless of
whether the ZLB is imposed. In models that impose a ZLB, itasnmon to linearize every
equation in the equilibrium system, except for the Taylde rand assume ZLB events last for a
predetermined duration with no probability of recurrenthis approach does not account for the
expectational effects of going to and exiting the ZLB, whaek critical for determinacy.

Figure 3compares the inflation rate policy functions across twopatarizations off), both
of which are on the boundary of the determinacy regiofpino.)-space. The horizontal dashed
line is the steady-state inflation rate &€ 1.005). When the technology state equals the steady-

4Although these results are based on a technology shock,lasiradeoff would exist with a preference shock.
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Figure 3: Comparison of the policy functions fgr., o.) combinations on the boundary of the determinacy region
(¢= = 1.5). Technology is in percent deviations from steady state Sdiid horizontal line represents the steady-state
gross inflation rate. The shaded region corresponds to thaddogy states where the ZLB binds.

state technology levelz(= 1), the deviations of the inflation rate from its steady-statie
provide a measure of the expectational effect of hittingZh&. The shaded region represents
values of the inflation rate where the ZLB binds. Whenis relatively small (dashed line), the
expectational effect is small because the likelihood dfrigtthe ZLB in expectation is also small.
As 0. increases, andl. increases with it, the expectational effect of hitting thd8zalso increases.
When the ZLB binds, higher real interest rates reduce copiomand put downward pressure
on inflation as firms respond to the lower demand. Thus, whenetis a higher probability of going
to the ZLB (solid line), the slope of the inflation rate polfeyiction is steeper. Since the downward
pressure on inflation happens across the entire state spatsg influences where the ZLB first
binds in the state space. For smaller standard deviatio(,adhe probability of hitting the ZLB
in expectation is smaller and the boundary of the ZLB regien &t a higher technology state.
Unlike linear models, where the calibration of the stociecgatocess has a much smaller effect on
the policy functions, these results imply that changes endalibration of the stochastic process
can significantly impact the quantitative properties ofritnedel.

5 CONCLUSION

This paper demonstrates that the boundary of the detergpnireggon imposes a clear tradeoff
between the expected frequency and average duration odgsist the ZLB, regardless of whether
ZLB events arise exogenously or endogenously. This trédkeofitical for at least three reasons.
First, even though the Taylor principle is violated at theB/lit shows that central banks can
still pin down prices when the nominal interest rate is pegaeits ZLB, so long as households
have a strong enough expectation of returning to a monetdigypregime where the central bank
aggressively responds to inflation. Second, it imposes g@ofitant constraint on the parameter
space that the econometrician must account for when egtignéite nonlinear model. Third, it
implies that small changes in the parameters of stochastcepses significantly impact the policy
functions and the state at which the ZLB first binds.
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